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We show that if the code C with n words has unbounded delay in both directions then there 
exist n - 2 words such that the words of C are products of these words. Some other conditions 
which guarantee the same property are given. 
We assume that the reader is familiar with the basic notions of formal language 
theory. To fix our terminology we specify the following. 
Let X be a finite alphabet. A language CC_ X* is called a code if for all 
Ul 9*-,u~,v1,-*-, vn E C the condition 
qu2...u, = V&...V, 
implies that 
m = n and Ui = Vi for 
If C={cil iel} CX” is a code, the 
h(i) = ci is called a coding morphism 
right if whenever 
. ulu2-ud+ 1 is 9 prefix of 
i = I, . . ..m. 
injective morphism h : I*-, X* defined by 
for C. C has bounded elay d from left to 
V&...V, 
(Ui, VjE C), we have Ul= VI. C has bounded elay from left to right if there exists 
a nonnegative integer d such that C has bounded elay d from left to right. Bounded 
delay from right to left is defined analoguously. A code having bounded elay 
from left to right (respectively right to left) is called a prefix (respectively suffix) 
code. 
If A c_X*, we denote 
Am= {ala2a3 .*. 1 aiEA for every ij_ 
If w is an m-word (i.e. a right infinite word) we say that A covers ambiguously 
w (from left to right) if there exist distinct wor SUC 
f L C _X* is a “ianguage, we 
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and 
ALPH(L) = {XE X 1 x appears in a word of L} 
IN(L) = (XEX 1 x is the first letter of a word in L}. 
If L is a finite language, we denote the cardinality of L by card(L). 
A code Cc X * is called strongly reduced from left to right if C is not a prefix and 
card(ALPH(C)) = card(lN(C)) = card(C) - I. 
The notion from right to left is defined analoguously. 
A morphism h : X *+ Y * is simplifiable if there exist an alphabet Xr and mor- 
phisms f: X*-, Xl* and g : Xl* --) Y* such that h = & and card(Xr )< card(X). If 
h : X * --) Y * is not simplifiable, it is called elementary. If h : X * --) Y * is elementary, 
the language h(X) is a code with bounded delay in both directions (see [S]). By 
definition, a morphism h : X* --) Y* has bounded delay if the language h(X) has 
bounded elay and card(h(X)) = card(X). 
In the sequel all codes are supposed to be finite. For background and motivation 
see [1-3,6-S], In what follows the results of Karhumgki in [4,5] are heavily used. 
Theorem 1. I/C is a code, then either C has bounded elay in at least one direction 
or there exist words wl, . . . , wn such that 
and n 5 card(C) - 2. 
Proof. We prove the claim by induction on the length of C defined by 
where lg(w) stands for the length of w. The claim clearly holds if lg(C) =card(C). 
Take then a code C= {Ci 1 kI} with the coding morphism h : I*+ C* defined by 
h(i) = ci, and suppose that the claim holds for every code with length less than 
lg(C). If h is elementary we are through. Otherwise there exist an alphabet X1 and 
morphisms h, : I* --) XF and h2 : Xl* --) X * such that h = h2 hl , card(XI) < card(l), 
and h2 is elementary. Because the product of two morphisms with bounded elays 
in the same direction has bounded elay (see [S]) it is enough to show the claim for 
the code D = {h*(i) 1 k I}. The claim follows by the inductive hypothesis if lg(D)< 
lg(C). Suppose therefore that lg(D) = lg(C). Then we have 
card(ALPH(C)) 5 card(C) - 1 
and we can suppose without restriction that h2 is the identity, hl = h and D= C. 
If 
card(ALPH(C)) 5 card(C) - 2 
the claim obviously holds. The same is true also .f C is a prefix code or a suffix code. 
If C is strongly reduced from left to right and strongly reduced from right to left, 
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the argument of Karhumaki given in [4,5] shows that C has bounded delay in at 
least one direction. (The argument of Karhumaki is presented in the case of 
card(C) = 3. It generalizes with trivial changes.) 
Suppose then without restriction that 
card(IN(C)) 5 card(ALPH(C)) - 1. 
Hence there exist distinct letters Q and b in ALPH(C) such that b$ IN(C) and ab is 
a factor of a word in 6. Choose a letter ~@ALPH(C). If WE ALPH(C) 
g(w) the word obtained from w when every occurrence of & in w is replaced by the 
letter d. Notice that g : C* +Xc, where X = ALPH(C) U jd), is a morphism by the 2 
choice of the letter b. Denote Cr = {g(w) 1 WE C}. CIearly, Cr is a code and 
Fg(C,)c lg(C). By the inductive hypothesis either there are words w;, . . . , w: with 
)YI s card(Cr ) - 2 such that 
or Ct has bounded delay in at least one direction. If the first alternative holds 
where wi is obtained from wi by replacing each occurrence of d by ab. If the se- 
cond alternative holds, C has bounded elay in at least one direction. This follows 
because cr c2.. . cm + 1 is a prefix of dld2... d, (~i,dj E C) only if g(ci )g(cz) ...g(c.) is 
a prefix of g(dl )g(d2). . .g(d”) and because clc2.. C, is a su ffii of dld2 . . . d, (Ci, dj E C) 
only if g(q )g(c2) .. . g&J is a suft”rx of g(d, )g(d2) .. . g(d=). •I 
Corollary 1.1. If the code C has unbounded elay in both directions there exists an 
c+enzentary language ( wl, . . . , wn } such that 
cc {WI, a*-, wn}* and n s card(C) - 2 
Theorem 1 is a generalization of the result of Karnumgki which constituted the 
essential part of the proof. 
Corollary 1.1 is optimal in two senses. First, there exists a four-element code over 
(a, b} with unb ounded delay in both directions (see (41). Hence the number 2 cannot 
be replaced by 3. Secondly, for no integer k the assumption of the corollar, can be 
replaced by “C has unbounded elay in one direction and delay greater than k in 
the other direction”. 
Example. Denote X= {a, b, c} and define the morphism h : X* + X* by 
h(a) = a, h(b) = a”b, h(c) = baZnb2an 
(n is a positive %teger). Clearly, h(X) is a code with delay n from right to left. 
Because for every nonnegative integer i, h(a”(cb)‘) is a prefix of h(ban[bc)‘), h(X) 
has unbounded delay from left to right. 
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The following t-hecrem can be proved as Theorem 1. The results of Karhumtiki 
in 14, Sj are again heavily used. Notice that by the proofs given in [4,5], if the code 
C is not prefix and card(IN(C)) = card(C) - 1, C has none of the properties (i), (ii) 
or (iii) mentioned below. 
Theorem 2. Suppose C= (q 1 ie I) is a code with the coding morphism h : P -+ C* 
defined by h(i) = q. Suppose one of the following conditions holds. 
(i) There exist at least wo distitxt a-words covered ambiguously from left to 
right by C. 
(ii) Thete exist at least three distinct o-words vI, 19, v3 in I* with h(v,)= 
h(v2) = h(v3). 
(iii) There exist two distinct m-words vl, v2 in I* such that h(v,) = h(v2) and v1 
or v2 is periodic (i.e., of the form v* ). 
Then there exists an elementary language ( wlr . . . , ))zn) such that 
cc {W*3..., wn)” and n s card(C) - 2. 
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